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Surfaces of Constant Mean Curvature. 

By L. p. Bisenhart. 



Cosserat has established the following theorem :* 

Let ^ he any fu/nction of two variables a and v ; if z denotes any solution of the 
equation 

d^z I dudv dz ,dudvdz „ ,^^ 

- f-^-- ^— — "> (.1) 



du dv d^ du ^ dip dv 

du 



the formulae 



a: + *2/=^, x — iy=z—i ^^^ du •\- -gX-<^^' z=3, (2) 

•^ du dv 

give the cartesian coordinates x, y, z of a surface for which the 'parametric lines are 
of length zero; and- the square of the linear element is 

^.^_ \du dv^^ dv du) ^^^^^ ^3^ 

du dv 

This method for the determination of a surface lends itself particularly to sur- 
faces of constant mean curvature. We find that for this class of surfaces 
the function <^ satisfies a partial differential equation of the fourth order, 
and that when a particular integral is found, the further determination of the 
corresponding surface requires quadratures only. Several particular integrals 
can be found; in some of these cases the surface is imaginary, 

• Comptes Rendus, 125, pp. 159-162. 
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From (3) we have 

'dz 9^ dz 9^\ 

E 



/dz d^ dz d^Y 

y /dx'\^ J-, ^ dx dx , \du dv dv duj 



8^ 3^ 
du dv 



Differentiating the first of these expressions with respect to m, we have 



•c-dx ^x 

du du'' ~ ' 



Associate with this the identity 



2^1^ = 0, 
du 



where X, Y, Z denote the direction cosines of the normal to the surface, then we 

have the relations 

dx 3y dz 

du du du 

Y^ — Z^ 7~ — X^~X^ — Y—' 
du^ du^ dv? du^ du^ du? 

In consequence of (4) we have 
and hence if we adopt the notation 



9^35 71/ K- T^ d^X ril, ^-xrd 



X 



D = XX^., Z)' = 2X5^, i>" = 2X^, 
du' dudv dv 

the above identity gives 

in like manner it can be shown that 
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Substituting for x,p, z their expressions from (2) and making use of (1), we get 

7)2 _ \du^ du du dv^J jyp. _ \8«^ dv dv dv^J 
\duJ KdvJ 

T),2 1 /3^ 9^ 9^ 9^Y \dudvJ .-V 

vaw/' vaJ 

The expression for the mean curvature takes the simple form* 

where pi and pg are the principal radii of curvature ; hence for surfaces of con- 
stant mean curvature x, we have 

D' 

Substituting D' and jF their expressions from (7) and (4), we have 

a^4> _ /az 9^ _ az^ a^\ 
a^au Vaw aw aw a«/ 

Since the sign of the mean curvature of a surface is determined by the 
assigned positive direction of the normal, it is evident that there is no loss of 
generality if we write the above expression as follows : 

-^ =k(^ ^-^ ^\. (9) 

dudv \du dv dv duJ 

By retracing the steps in the above development, we find that the converse 
of this result is true. Hence, the necessary and sufficient condition that formulas 
(2) define a surface of constant mean curvature x is that ^ and z satisfy equations 
(ij and (9) simultaneously. 

When x = 0, that is, when the surface is minimal, equations (9) and (l) 
reduce to 






d'z 



du dv ' du dv 



= 0, 



* Biauchi, Lezioni, p. 104, 
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hence 

where C/i and U^ are functions of u alone, Fj and V^ are functions of v alone. Sub- 
stituting these expressions for ^ and a in (2), we find the well-known property 
of minimal surfaces, namely, that their cartesian coordinates are expressible as a 
sum of two functions, each of one of the parameters of its lines of length zero. 
That this is a characteristic property can be seen from (9). For, in order that 



ay 

dudv 



be zero, it is necessary that x be zero ; otherwise 

3z 3^ dz^ 9^ _ Q 

du dv dv du 

that is, z is expressible as a function of ^ and likewise x and ?/, and conse- 
quently the formulae (2) would define a curve and not a surface. We will not 
discuss any further the case where x = 0, but in what follows it will be under- 
stood that x'4^0. 

From (9) we see that if ^ is a function of u alone or a function of v alone, 
the above equation holds, and consequently the surface reduces to a curve. 
Hence 4) is a function of both « and w. 

Eliminating z between equations (1) and (9), we find that for equations (2) 
to define a surface of constant mean curvature x, the function ^ must satisfy the 
following partial differential equation of the fourth order : 

du" , dudv \ a^» 1 dudv ,d^\ 8'4> 

a^ "•" _a^ hudiy' "^ I ^^ "*" a^ ■ ^-^ ^ 

du dv ' \ du dv I 

^ll 9'4> ^ 
_ 8m^ dudv dv' _ / d'q> V 

dq> 3<?) \dudvj I fd^\ 

du dv ^ \duJ 

It is of interest to note that this equation does not involve x, and hence the 

general solution leads to surfaces of any constant mean curvature whatever. 

dz 
Solve equation (9) fr>r ^ and substitute its expression in (1); then, by a 



d>/ 


dv 


. / 


' d^^ 


I 


di^ 
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quadrature, we 6nd 

32 _ A 3*1-/ ^""""^ dv+U\, (11) 



\au dvj 
'du ~%c du \ I (d<p^ d^ 

\duJ 



{-f\ 



dv 



where Z7is a function of w alone, whose form is perfectly determinate for a value 
of ^ , as we shall see in a moment. In a similar way we find 

dz 



2x dv\ / 9$r^V /' 

V duKdv) J 



W dii \dv/ 

where Fis a determinate function of v alone. Since „ i. ifc o, the condition of 

ou ov 

integrability of the expressions (11) and (12) reduces to 



\du dv) -I , / \3w dvJ ^ , n dud' 

W7W) / 7Wf^ W^ 

^" \dv J *J \duJ dv du dv 



du 

If this equation be differentiated with respect to u and v, the resulting equation 
can be brought to the form (10). Hence, for every particular integral 4) of (10) ^ 
the sum of the first three terms of (J 3) reduces to the sum of a function of u alone 
and a function of v alone. Thus, given an integral 4>i, wej find that the sum of 
the first three terms reduces to Ci + Fj, where Ui and Fj are readily found. Then 
from (13) we have 

and, consequently, U and Fare known. Therefore, having found an integral of 
(10) and the corresponding function ?7and F by means of (13), we get the z 
coordinate of the corresponding surface of mean curvature x by the quadrature 



1) 




duKdv) 



(14) 
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From the form of equation (10) we see that an integral is determined only 
to within a constant factor, and we shall find that this factor fixes the magnitude 
of the mean curvature. Consider an integral ^ of (10) which does not involve 
a constant factor, and in (2) and (14) replace ^ by ccp, where c is a constant. In 
place of ZJand Fwe must put Z7/c and Yjc in consequence of (13). From this 
we see that the quantity under the integral sign does not vary with c. By 

means of (14) the expression for x — iy can be put in the form — ^ <^, where <^ 

is a function independent of c and x. Consider now two surfaces, of coordinates 
Xi, t/i, Zi and a-g, y^, z.^ corresponding to the same function ^ and the values Cj 
and Cg of the constant c. It is evident that the mean curvatures of the two sur- 
faces are unequal ; call them xj and x^. Then we get from (2) 

=h±Wy^x^±iy,^ c,x\{x,-iy,) = cy,{x,-iy,), 
from which it follows that 

Hence, by choosing a suitable unit we can put c= — . We have then the fol- 

lowing theorem : 

Given an integral ^ of equation (10) which does not involve a constant factor ; 
the formulae 

K + iy-^lK, x — iy=—xl )^J- au -\- ^S^ dv , (15) 

dv 



n. 

Ix, X — i^= — xt - 



and (14) define a surface of constant mean curvatwe x. 

However, all surfaces defined by these formulae and corresponding to the 
same integral ^ are homothetic to one another, and consequently, for the further 
discussion, there will be no lack of generality if we put ;c = 1 in (15). 

Suppose we put u-=- U^ and v = Fg , where U^ and V^ are any functions 
whatever of new parameters Ui and v^ respectively, defined in this manner, and 
denote by <j>i the result of replacing u and v'va^hy u^ and Vi respectively. It is 
evident that if <p is an integral of equation (10), 4>i is an integral of the equation 
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obtained from (10) by replacing u and v by Ui and vi ; we shall refer to this equa- 
tion as (10'). From the above we have 

dui du ^' dvi 8v ^' 

where the primes denote differentiation. If these values for ^^ . • • ■ ^^-^9 ^r^ 
^ dui ou\ dv{ 

substituted in equation (10'), we find, after some easy reductions, 
d^^i _ Idv^ , dudv I a^^i , I dudv di^ \ d% 




dv / ^ du dv 

a^»i aVi a^ /_?^ a^^i 

aw' a^f dv dv"" ( a^^i Yf a?? a^'-^ 
a^i a^i vaw dv) i /a^iV /l^ 

3?t dv \\du J \dv J 

Comparing this with (10), we have the result : Given any function ^ {u, v) satis- 
fying equation (10), then ^{U, V) is an integral where U and V any functions of 
u and V, respectively. 

Tn the same way it can be shown that equation (13) takes the form 

a^Y rf^'^i^ 9'^i 



\du dv) , , / \du 

a^ /a^,Y / r^ 



Y 



du \dv / *^ \du J du du dv 

Hence, the functions Cj and Fj corresponding to the solution ^j of equation (10) 
are gotten from those corresponding to the solution ^ by replacing u and v by 
U and V. In a similar manner it can be shown that the expressions for x — iy 
and z corresponding to the solution ^^ are gotten from the corresponding ones 
for the solution ^ by the same substitution. However, since a change of param- 
eters doesn't affect the surface, and since the same lines are parametric when u 
is replaced by a function of u and -y by a function of «, it is evident that all func- 
tions 4> which can be brought to the same form by such a change determine the 
same surface. 

We shall consider now the surfaces corresponding to several evident inte- 
grals of equation (10) and several which are readily found indirectly. 
50 
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A particular solution, of equation (10) is given by 

^=zuv. (16) 

When this expression for ^ is substituted in (13), the latter reduces to 

U—V=0, 
hence Z7=F=a, 

where a is a constant. Putting these values for ^, Z7and Fin (14) and (15), we 
get 

X -\- iy = uv, X — iy = i ( — — 2a log — — a^v/v], 

\U/V V / 

a = i(log-^ + aM«). (17) 

Eliminating u and v, we get the following equation of the surface 

4 (a;2 + «/» + z") = 1 + [2a — a (a + iy)'\\ (18) 

Hence, unless a is zero, the surface is imaginary. When a = 0, equation (18) 
reduces to 

«' + 2/^ = i, 

that is, the surface is a right circular cylinder. Recalling the preceding results, 
we have that the cylinder of revolution is the only real surface of constant mean cur- 
vature corresponding to the function ^ = UV, where U and Y are any functions 
whatever of u and v respectively. 

Another evident integral of equation (10) is 

^=^—. (19) 

^ u -^ V ^ ' 

As in the preceding case, equation (13) for this expression of ^ reduces to 

Z7— F=0, 
hence, Z7=F=a. 

When these expressions for ^, U and F are substituted in (14) and (15), they 

give 

I • _ 1 . _Auv-\-2a{u — v) — a* v — u+a /„^n 

x-\-iy= , x—iy = ! \ '- , a = ^_ , (20) 

u -\- V ^ u-^v u + v ^ ' 
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If these values for ^ and z are put in the expressions (7) for D and D" , we get 

that is, the lines of length zero are asymptotic lines for the surface. Hence S is 
a sphere.* In fact, this is readily seen by eliminating u and v from the expres- 
sions (20). If we introduce parameters % and vi defined by 

Ml = 2m — a, Vi=2« + a, 
the expressions (20) become 

Ml + 17l " Ml + Vl Ml -\-Vi ^ ' 

and by elimination 

a? -\- if -\- z^ =: 1 . 

Hence, ybr any function ^ of the form jj. y ^^^ surface is a sphere. 

We propose now to find all integrals of equation (10) which are functions of 
M + V. If we denote by accents derivatives with respect to m -f «, we find that 
equation (10) reduces to the total differential equation 

Put y ■= (p\ p-=. ^", then upon substitution and reduction the above equation 
becomes 

4^? + (|)-^f l + '^^j-- 

If this equation is satisfied by ^ = 0, we have 

<p = c{u + v), 

where c is a constant, which, as we have seen, is the case of minimal surfaces. 
We exclude this case and introduce two new functions, z and r defined by 

p = 2y^z, y = e**. 
* Bulletin of the Amer. Math. Soc, March, 1902, p. 241. 
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Then the above equation reduces to 

dr^ dr \drj 

An integral of this equation is z = const., say c ; then, from the above we 

have 

^" = 2^'ic, 
whence, by two quadratures, 



c^ {u + v)' 



which, as we have seen, leads to the sphere. 
We exclude this case now and put 



dz , 



then the above equation becomes 



.*+<+.= 0, 



which, upon integration, gives 



z 2 



Retracing the steps in the above substitutions, we get 

»=;Ktan " + ^ + ^ + g, (21) 

where a, ^ , y, S are arbitrary constants. By a translation of the surface and a 
change of parameters, this expression for ^ can be given the form 

(p = x ■\-iy=. Y tan {u + v). (21') 

The equation (13) reduces to 

l(!i±^)+F-cr=o, 

Y 
from which we have 

IT— 4m + 2g ^_._ Av — lh 
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where 5 is a constant. From (14) and (15) we find 

z={u — V + S) tan {u -{• v), 1 

x — iy= — — [^^^^ —i sin 2 (u -{- v) -\- {u — V + h)Hau{u + v)~\ j ' ^^^^ 

When a surface is referred to its lines of length zero, the directions of the 
lines of curvature are given by* 

Dd7jP — D"dv^ = 0. (23) 

If the values of 2) and D" for the surface given by (21') and (22) are calculated 
by means of (7), we get for (23) 

du^ — dv^ = 0. 

Hence, if we put u-{-v = iti, u — v ^= ivi, 

til and Vi are the real parameters of the lines of curvature such that the linear 
element takes the form 

ds^ = X{dul-\-dvl). 

The cartesian coordinates have the following expressions ; 

X -{-iy = tan %, x — iy== — \ -~ — i sin 2ui — Vi tan % , z:=ivi tan %, 

from which it follows that the surface is imaginary. Combining the above 
results with the theorem which we established just before the discussion of these 
particular integrals, we have the theorem : 

Minimal surfaces and the sphere are the only real surfaces of constant mean cur- 
vature for which ^ is a function of the sum of any function of u and any function 
ofv. 

Again we seek the integrals of equation (10) which are a function of uv. 
If we denote by accents the derivatives with respect to u/v, equation (10) 
becomes 

uv <|) V^ + 2^)' V" — S^'^"" + Zuv ^"' — Auv ^'^"^"' = . 

Put ^' = e', log Mt> = r ; then this equation becomes 

dH_dt^ ^ _ ^^ = 
d/ dr dr^ dr^ 

* Bianchi, Lezioni, p. 99. 
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An integral of this equation is given by i = const. ; in this case 

= CUV, 



which case has been considered before. Excluding this case from what follows, 

dt^ 
dr 



we make the substitution — = 0, and find that B satisfies the equation 



dr^ dr dr 

This equation also is satisfied by 6 const., say c ; then 

^' =1^ ■=. ae""" := a {uvY. 

But this is reducible by a translation of the surface to the general form ^ = TJY, 
and hence belongs to the first class considered. We make an exception of this 

case and put -5— =rp ; the equation in j) is 

and consequently, 

where a is a constant. From this we get 

IdB 



dr = 



0^ + 20 + a ■ 



Three cases arise according as a is greater, equal to or less than unity. 
1°. a >■ 1. In this case 

r -}- /? = tan * 



Va — 1 Va — 1 ' 

where /? is a constant. Retracing the steps, it is readily found that 



»= y tan^'^-^(^»g^^ + ^) + ^. 
^ Va — 1 2 



T/« 1 u Va— 1 \/a— 1 (logwH-/?/2) , v^'a — 1 (logv + /3/2) 
If we replace y by i^-r: y, — !^^ ^ — ^ — Jirj_j ^y ^^ L_?^ ' ^1 ' 



2 ^' 2 "*' ""' 2 



by ?? and h by zero, this expression for ^ becomes the same as (21'). Hence this 
case is the same as the general case where 4) is a function of Z7+ F. 
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2°. a = 1 . Now 



»• + /? = 



and, consequently, 



n^' 



log UV + p 



By a suitable choice of parameters this becomes 

u-\-v ' 
which has the sphere for the corresponding surface. 
3°. a < 1 . Then 



, a 1 , 0+ 1— Vl— a 

From this it is found that 4» takes the form 

By a convenient choice of parameters and a translation, this can be written 

uv 1 

Equation (13) becomes 

2 logMu+ U—V= 0, 
and, consequently, 

U= — 2{\ogu + 8), 7=z2{logv — 8), 
where 5 is a constant. From (14) and (15) we get 

log — («v + 1) + 25 

V 

^ ~ 2{uv — l) 

1 



uv 1- 2 log uv + (uv + 1) log^ — 

V/V V 



((«t; + i)iog|- + 2ay' 

v/v — 1 
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In this case it is found that the equation of the lines of curvature is 

Hence if we put 

log u + log V = Ml , log u — log V = ivi , 

Ui and Vi are the real parameters of the lines of curvature. The cartesian coor- 
dinates have then the following expressions : 

«=+*^ = ^%^. x-iy=-l[e"^-e-''^ + 2u,-vl{e^ + l) 

[(e"' + 1) ^^^ + 2§]n w,ie'^ + l) + 2S 

e"'— 1 J' 2(6"'—!) 

From this we see that the surface is imaginary. Since ^ = log UV belongs to 
the above class and leads to the minimal surfaces, we have the following theorem : 
Minimal surfaces, the sphere and cylinders of revolution are the only real sur- 
faces of constant mean curvature corresponding to the ease where ^ is a function of 
the product of any function of u hy any function of v. 

Princeton University. 



